Abstract-Sidelobe nulling at symmetric locations in linear array patterns can be accomplished with phase-only weight control if no restriction is placed on the magnitude of the phase perturbations. Nonlinear programming techniques can be used to calculate the required phases. Several examples are presented.
A somewhat general result of (1 1 
INTRODUCTION
The purpose of this communication is to establish the following result. If phase-only weight control is used to impose nulls in a real pattern of a linear array of isotropic equispaced elements while minimizing the sum of the squares of the absolute weight perturbations, the phase perturbations are odd-symmetric with respect t o a phase reference located at the array center, and the perturbed pattern is real. This result is of considerable value in numerical investigations of null synthesis with phase-only control [ l ] since it allows the number of unknown phases to be reduced by a factor of two, thereby significantly increasing computational efficiency. Although the result is not surprising, nevertheless a proof is desirable.
PROOF
In the formalism of array theory the result is as follows, Consider a linear array of N equispaced isotropic elements with phase reference at the array center. The array pattern is where a,7 is the complex excitation of the nth element, d, = (N -1)/2 -(n -1): and u = 2n/Xd sin (e) with d the interelement spacing and 0 the angle from broadside. The pattern is assumed real so that the {afl} are conjugate symmetric: = a,. Let {&) be the set of phase perturbations that 1) imposes nulls in the pattern at the locations (2)
Then it is to be proved that p N -n + l = T~, n = 1 , 2 , -. , N ; (3 ) that is, the phase perturbations are odd-symmetric with respect to the array center. Equivalently, the perturbed pattern is real.
To prove (3) we use the method of Lagrangian multipliers [2] . First the null constraints (1) are rewritten in the form
and then made purely real by multiplying the left side of (4) by its complex conjugate and squaring the (real) right side thus obtaining
We now form the Lagrangian K where the constraint functions { c k } are given by the left side of (5) and the { A k } are the (real) Lagrangian multipliers. For the {&} to locally minimize (or maximize) F subject t o satisfying the constraints c k = 0: it is necessary that the partial derivatives of L with respect to the be zero. Differentiating L with respect to an arbitrary one of the {&}: say @ p , and equating the derivative to zero yields K -Im {apei(9~+dpuk)}, whereupon writing the complex excitation coefficient ap in the form ap = lap I exp (&,), expanding. and rearranging, then gives
because of the even-and odd-symmetry, respectively, of the { l a , I} and the {a,} required for the original pattern to be real as assumed, and the odd-symmetry of the { d , ) , Equation (6) implies that either seek to prove. Regarding the possibility that a solution to the constrained optimization problem exists with one or more phase pairs satisfying (8), it is simple to show that by subtracting rr/2 from all such phases a new solution is obtained that satisfies (7) and gives the same value of the objective function
F defined by (2). (Note that
if there were a solution containing some phase pairs satisfying (8), the perturbed pattern would decompose into two completely uncoupled patterns each satisfying the null constraints: one, purely real, from the elements whose phases satisfy (7), and the other, purely imaginary, from the elements whose phases satisfy (8).) Thus the phase perturbations for minimized weight perturbation, phase-only null synthesis can always be assumed to satisfy (7) without risk of discarding a solution with a smaller value of F.
CONCLUDING REMARKS
The above proof does not actually eliminate the possibility of a solution with some phases satisfying (8) but rather establishes that one can always do at least as well with a solution all of whose phases satisfy (7). In fact it would appear that the possibility of a solution to the constrained minimization problem with some phase pairs satisfying (8) can be altogether ruled out. For one thing, as noted in the proof, if there were such a solution the array would be decomposable into two subarrays, each consisting of a set of symmetrically placed elements and each with a pattern having nulls at all the prescribed locations. Since the same nulls would be imposed in the two independent subarray patterns, it is to be expected that the resultant perturbations of the array weights would be larger than they would be if the most efficient use were made of all array elements as one group to impose pattern nulls. Furthermore, it is important to note that in a very real sense: minimization of the weight perturbations with phase pairs satisfying (8) is impossible since the contribution of each such pair to the sum of the squared weight perturbations given by (2) is 41ap 12, a quantity that not only cannot be decreased by varying GP but that is also a large perturbation of the pair of array weights being exactly half of the maximum possible perturbation. Hence it is highly plausible that the odd-symmetric solution, (7), to (6) is not only at least as good as any solution containing phase pairs satisfying (8) but is in fact the only valid form of the phase perturbations for minimized weight perturbation, phase-only null synthesis.
The particular phase-only control optimization problem treated here is one of a larger class of related problems for which the odd-symmetry property of the phase perturbations appears to be equally valid. Baird and Rassweiler, for example, in their basic paper on phase-only nulling
[3] considered the problem of minimizing the mean square error between array output and desired signal, and assumed without proof that the phase perturbations are odd-symmetric. Other objective functions such as the signal-to-noise ratio could also be considered. It is hoped that a more general method of proof than that given in this communication can be found t o demonstrate the odd-symmetry property for a whole class of such problems, rather than having to consider each problem individually.
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INTRODUCTION
Computational difficulties associated with the nonlinear problem of synthesizing nullls in linear array patterns with -phase-only weight control are generally avoided by assuming that the phase perturbations are small. The small phase perturbation assumption enables the nulling equations to be linearized. A consequence of this assumption is [ l ] , [2] , [3] that the imposing of a null in the pattern of an ideal linear array is accompanied by the reinforcement of the pattern at the location symmetric with respect to the main beam, thus making it it impossible to impose nulls at symmetric locations with small phase perturbations. In [ I ] it is also noted that if the phase perturbations are not restricted in size, or if the array elements have realistic errors, then phase-only nulling at symmetric pattern locations is indeed possible, and a measured pattern for a small experimental array is shown with symmetrically located nulls formed by an adaptive algorithm. No computational method has been given, however, for obtaining the phases required for symmetric nulling. It is the purpose of this communication to show that the phases to impose nulls at symmetric pattern locations can be calculated by nonlinear programming techniques. The resulting patterns are characterized by considerable distortion, however, as a consequence of the fact that some of the phase perturbations are large.
ANALYSIS
We consider a linear array of N equispaced isotropic elements as shown in Fig. 1 . The array pattern is given by 
a requirement that is useful to make in null synthesis to ensure that the perturbed pattern closely resembles the original pattern. The minimized weight perturbation, phase-only null synthesis problem is then to find the set of phases {&} satisfying ( 1 ) and (2). This problem is nonlinear in general and cannot be salved analytically. Numerical solutions can be obtained, however, by using nonlinear programming techniques [ 4 ] .
If the main beam of the pattern is directed toward broadside and nulls are required at a pair of symmetric locations u = k1, the null equations are then Hence as correctly noted in [ 11 , [ 2 ] , [3] , symmetric, phase-only nulling with small phase perturbations is impossible. If, however, the phase perturbations are not restricted in size, then there is an infinity of solutions to (3) and nonlinear programming methods can be used to obtain the solution that satisfies (2).
RESULTS
In this section we present some examples of minimized weight perturbation, phase-only nulling at pattern locations that are symmetric with respect to the main beam. The phases were calculated using the nonlinear programming computer code LPNLP
[SI in double precision on a CDC 6600 computer. All computations were performed for an array of 41 elements with .halfwavelength spacing and with the main beam directed toward
